Abstract. We study symplectic structures on filiform Lie algebras -nilpotent Lie algebras of the maximal length of the descending central sequence. There are two basic examples of symplectic Z >0 -graded filiform Lie algebras defined by their basises e 1 , . . . , e 2k and structure relations 1) m 0 (2k) : [e 1 , e i ] = e i+1 , i = 2, . . . , 2k−1.
Introduction
Nilmanifolds M = G/Γ (compact homogeneous spaces of nilpotent Lie groups G over lattices Γ) are important examples of symplectic manifolds that do not admit Kähler structures. An interesting family of graded symplectic nilpotent Lie algebras V 2k (and corresponding family of nilmanifolds M n ) was considered in [1] , [2] , [3] . The finite dimensional Lie algebras V n , that are defined by the commutating relations [e i , e j ] = (j−i)e i+j , i+j ≤ n, "came" from the infinite dimensional Virasoro algebra and they are examples of so-called filiform Lie algebras -nilpotent Lie algebras g with the maximal length s= dim g−1 of the descending central sequence of g. The study of filiform Lie algebras was started by M. Vergne in [22] , [23] .
The classification of symplectic filiform Lie algebras of dimensions ≤ 10 was discussed in [10] , [11] . The present paper is the continuation of [19] , where a criterion of the existence of a symplectic structure on a filiform Lie algebra g was proposed. In particular in a symplectic filiform g = L 1 g one can find the ideal L 2 g of codimension 1 such that the sequence of ideals L i g, i = 1, . . . , 2k, where L i g = C i−1 g, i = 3, . . . , n ({C i g} are the ideals of the descending central sequence C of g) determines a decreasing filtration L of the Lie algebra g. The associated graded Lie algebra gr L g is symplectic also. The graded filiform algebras of the type gr L g were classified in [18] , [19] . There are two one-parameter families of graded symplectic filiform Lie algebras of dimensions 8, 10 . But if gr L g is a symplectic filiform Lie algebra with dim g = 2k ≥ 12 then gr L g is isomorphic either to m 0 (2k) or to V 2k . In other words in dimensions 2k ≥ 12 one can obtain symplectic filiform Lie algebras as special deformations (that we call Z >0 -filtered deformations) of two graded Lie algebras: m 0 (2k) and V 2k .
We classify Z >0 -filtered deformations of V n , i.e., Lie algebras with the structure relations of the following form:
[e i , e j ] = (j−i)e i+j + l=1 c l ij e i+j+l , i + j ≤ n.
We compute in the Section 6 the space H 2 (V n , V n ) for n ≥ 12. To the Z >0 -filtered deformations corresponds the subspace ⊕ >0 H 2 (i) (V n , V n ). The main theorem 7.9 of the present article asserts that for n ≥ 16 the moduli space M n (i.e. the set of isomorphism classes) of these algebras can be identified with the orbit space of the following K * -action on K 5 = ⊕ >0 H 2 (i) (V n , V n ): α ⋆ X = (α n−11 x 1 , α n−10 x 2 , . . . , α n−7 x 5 ), α ∈ K * , X ∈ K 5 , where the coordinates x 1 , . . . , x 5 of the space K 5 = ⊕ >0 H 2 (i) (V n , V n ) are defined by the choice of the basic cocycles ψ n,12−i , i = 1, . . . , 5.
For n = 2k the subspace M is presented in the Section 9.
1. Invariant symplectic structures on Lie groups Definition 1.1. A Lie group G is said to have a left-invariant symplectic structure if it has a left-invariant non-degenerate closed 2-form ω. Example 1.2. G is a two-dimensional abelian Lie group R 2 with coordinates x, y and ω = dx ∧ dy. and abelian R (with coordinate t). The invariant symplectic form ω is defined as ω = dx ∧ (dz − xdy) + dy ∧ dt. One can obtain examples of left-invariant symplectic structures in the framework of Kirillov's orbit method.
Let us consider the coadjoint action Ad * of a Lie group G on the dual g * of its Lie algebra g:
(Adwhere g ∈ G, f ∈ g * . The orbit O f of this action has a homogeneous symplectic
Let the stabilizer G f = {g ∈ G|Ad * (g)f = f } of f ∈ g * be a normal subgroup of G then the orbit O f can be identified with the quotient group G/G f and the corresponding symplectic structure ω O f is left G/G f -invariant. If G is a nilpotent Lie group then nilpotent ones are G f and G/G f . Definition 1.6. A skew-symmetric non-degenerate bilinear form ω on the Lie algebra g is called symplectic if it closed, i.e.
If ω G is a left-invariant symplectic form on G, then ω G defines a symplectic structure ω g on the Lie algebra g of G, and conversely any symplectic form ω g of g defines a left-invariant symplectic structure on G. Lemma 1.7 (A. Médina, P. Revoy [15] ). Let g be a symplectic Lie algebra with non-trivial center Z(g) and I be a one-dimensional subspace in Z(g) and I
ω its symplectic complement with respect to ω. Then one can consider two following exact sequences of Lie algebras and their homomorphisms
where I ω /I is symplectic Lie algebra (the restriction of ω to I ω defines symplectic formω on the quotient-algebra I ω /I).
In other words 2k-dimensional symplectic Lie algebra g with non-trivial center can be obtained from 2k−2-dimensional symplectic I ω /I by means of two consequtive operations: 1) one-dimensional central extension of I ω /I by I; 2) semidirect product of I ω and one-dimensional g/I ω ∼ = I. The combination of these two operations is called the double extension of symplectic Lie algebra I ω /I. The even-dimensional nilpotent Lie algebras are classified for dimensions 2k ≤ 6 ( [20] ). The classification of symplectic 6-dimensional nilpotent Lie algebras based on this classification was done in [11] .
Filiform Lie algebras
The sequence of ideals of a Lie algebra g
is called the descending central sequence of g. A Lie algebra g is called nilpotent if there exists s such that:
The natural number s is called the nil-index of the nilpotent Lie algebra g, or g is called s-step nilpotent Lie algebra. Let g be a Lie algebra. We call a set F of subspaces
a decreasing filtration F of g if F is compatible with the Lie structure
Let g be a filtered Lie algebra. A graded Lie algebra
is called the associated graded Lie algebra gr F g. The ideals C k g of the descending central sequence define a decreasing filtration C of the Lie algebra g
One can consider the associated graded Lie algebra gr C g.
The finite filtration C of a nilpotent Lie algebra g is called the canonical filtration of a nilpotent Lie algebra g. Proposition 2.1. Let g be a n-dimensional nilpotent Lie algebra. Then for its nil-index we have the estimate s ≤ n − 1.
Definition 2.2.
A nilpotent n-dimensional Lie algebra g is called filiform Lie algebra if it has the nil-index s = n − 1.
Example 2.3. The Lie algebra m 0 (n) is defined by its basis e 1 , e 2 , . . . , e n with commutating relations:
Remark. We will omit in the sequel trivial commutating relations [e i , e j ] = 0 in the definitions of Lie algebras.
Example 2.4. The Lie algebra m 2 (n) is defined by its basis e 1 , e 2 , . . . , e n and commutating relations:
[e 2 , e j ] = e j+2 , 3 ≤ j ≤ n−2.
Example 2.5. Let us define the algebra L k as the infinite-dimensional Lie algebra of polynomial vector fields on the real line R 1 with a zero in x = 0 of order not less then k + 1.
The algebra L k can be defined by its infinite basis and commutating relations
One can consider the n-dimensional quotient algebra
The Lie algebras m 0 (n), m 2 (n), V n considered above are filiform Lie algebras.
Proposition 2.6. Let g be a filiform Lie algebra and gr C g = ⊕ i (gr C g) i is the corresponding associated (with respect to the canonical filtration C) graded Lie algebra.
We have the following isomorphisms of graded Lie algebras:
Theorem 2.7 (M. Vergne [23] ). Let g = ⊕ α g α be a graded n-dimensional filiform Lie algebra and Remark. In the settings of the Theorem 2.7 the gradings of the algebras m 0 (n), m 1 (n) are defined as g 1 = Span(e 1 , e 2 ), g i = Span(e i+1 ), i = 2, . . . , n−1. 
where α = 0 if n is odd number.
Symplectic filiform Lie algebras: filtrations and gradings
Definition 3.1. A Lie algebra g is called symplectic if it admits at least one symplectic structure.
Lemma 3.2 ( [19]
). Let g be an 2k-dimensional symplectic filiform Lie algebra, then
In other words: let g be a symplectic filiform Lie algebra and e 1 , e 2 , . . . , e 2k be some adapted basis, then [e i , e j ] = 0, i + j = 2k + 1. 
Remark. For homogeneous components of associated graded gr L g we have 
Remark. It was shown in [19] that the previuos condition is necessary but not sufficient condition. (1), (2) 
Remark. The one-parameter family g 8,α was considered in [11] as well as corresponding symplectic form ω 9 (α). In [10] symplectic (over C) low-dimensional (dim g ≤ 10) filiform Lie algebras were classified (but this article contains some mistakes).
Lie algebra cohomology
Let g be a Lie algebra over K and ρ : g → gl(V ) its linear representation (or in other words V is a g-module). We denote by C q (g, V ) the space of q-linear skewsymmetric mappings of g into V . Then one can consider an algebraic complex:
where the differential d q is defined by:
The cohomology of the complex (C * (g, V ), d) is called the cohomology of the Lie algebra g with coefficients in the representation ρ : g → V .
In this article we will consider two main examples: 1) V = K and ρ : g → K is trivial; 2) V = g and ρ = ad : g → g is the adjoint representation of g. The cohomology of (C * (g, K), d) (the first example) is called the cohomology with trivial coefficients of the Lie algebra g and is denoted by H * (g). Also we fixe the notation H * (g, g) for the cohomology of g with coefficients in the adjoint representation.
One can remark that d 1 :
Moreover the condition d 2 = 0 is equivalent to the Jacobi identity for [, ] .
Let g = ⊕ α g α be a Z-graded Lie algebra and
This grading is compatible with the differential d and hence we have Z-grading in cohomology:
Remark. The trivial g-module K has only one non-trivial homogeneous component
Example 4.1. Let g be a Lie algebra with the basis e 1 , e 2 , . . . , e n and commutating relations [e i , e j ] = c ij e i+j , i + j ≤ n.
Let us consider the dual basis e 1 , e 2 , . . . , e n . One can introduce a grading (that we will call the weight) of Λ * (g * ) = C * (g, K):
where a subspace Λ
instance a monomial e i1 ∧ · · · ∧ e iq has the degree q and the weight
Now we consider a filtered Lie algebra g with a finite decreasing filtration F . One can define a decreasing filtrationF of Λ * (g * ).
Example 4.2. Let g be a Lie algebra with the basis e 1 , e 2 , . . . , e n and commutating relations
As it was remarked above the corresponding filtration L (L k = Span(e k , . . . , e n )) of g can be defined. The associated graded Lie algebra gr L g has the following structure relations [e i , e j ] = c 0 ij e i+j , i + j ≤ n. Let us consider the dual basis e 1 , e 2 , . . . , e n . ThenL µ Λ p (g * ) is spanned by pmonomials of weights less or equal to −µ, i.e. by p-forms e i1 ∧ . . . ∧e ip such that
Remark. One can consider the spectral sequence E r that corresponds to the filtrationF of the complex Λ * (g * ). We have an isomorphism (see [23] for example)
Then the Lie algebra g is symplectic if and only if some homogeneous symplectic
In this section we recall some definitions from the Nijenhuis-Richardson deformation theory (see [21] ). The Jacobi identity for bracket [ 
is equivalent to the so-called deformation equation:
The first six terms can be rewrited in the form dΨ(x, y, z) where d :
). Finally we have
The last definition can be generalised in terms of Nijenhuis-Richardson bracket in C * (g, g):
The Nijenhuis-Richardson bracket defines a Lie superalgebra structure in
Also we have the following important property:
Thus the Nijenhuis-Richardson bracket defines a Lie superalgebra structure in cohomology H * (g, g), i.e., the set of bilinear functions
with the properties (14) .
is compatible with the Nijenhuis-Richardson bracket:
A deformation Ψ of a Z >0 -graded Lie algebra g = ⊕ α>0 g α is called Z >0 -filtered if the following condition holds:
Or in other words:
. . in the deformation equation (11) and comparing terms with the same grading we came to the following system of equations on homogeneous components Ψ l :
This is the well-known system of equations for one-parametric deformation, in our case one can associate to Ψ the following one-parametric deformation Ψ t :
1) the first equality of (17) shows that Ψ 1 is a cocycle, we denote byΨ 1 its cohomology class in H Let us consider an non-degenerate linear operator of the form ϕ = id + ϕ 1 , ϕ 1 ∈ C 1 (1) (g, g) . We have for the first term 
Computations
In this section we compute H 2 (V n , V n ) for n ≥ 12. Let g = ⊕ α>0 g α be a Z >0 -graded Lie algebra. One can define a decreasing filtration F of (C * (g, g), d):
where the subspace
The filtration F is compatible with d. Let us consider the corresponding spectral sequence E p,q r :
We have the following natural isomorphisms:
Now the proof follows from the formula for the d
where X ∈ g, f ∈ Λ p+q (g * ) and df is the standart differential of the cochain complex of g with trivial coefficients.
2, µ = −2; 1, µ = −4, −3, −1, n−11, n−10, n−9, n−8, n−7; 0, otherwise.
2, µ = −2; 1, µ = −4, −3, −1, 1, n−11, n−10, n−9, n−8, n−7; 0, otherwise.
Proof. For the proof we will use the spectral sequence considered above. Let us recall some results from [17] Remark. 1) the element e n spans the center Z(V n ) = H 0 (V n , V n ); 2) the class e 1 ⊗[e 1 ] corresponds to the inner derivation i=1 ie i ⊗e i = ad(e 0 ) in the solvable Lie algebra L 0 /L n+1 restricted to the nilpotent ideal V n .
Hence the proof of our theorem follows from Corollary 6.4. It's time to say that the Proposition 6.3 it is finite-dimensional version of the following theorem
of Proposition 6.3 came from the corresponding spectral sequence for H * (L 1 , L 1 ). Their non-triviality follows from the more general result of B. Feigin, D. Fuchs [6] . But it is a very complicate task to follow all details of the proof in [6] . So it appears to be usefull to calculate d
explicitly. From the other hand explicit formulae will give us a possibility to write down structure relations of all deformations of V n .
Remark. In the infinite-dimensional case only classes e i ⊗ [e 2 ∧e 3 ], i = 1, 2, 3 survive to E ∞ and they correspond to generators in H 2 (L 1 , L 1 ) of weights µ = i − (2+3) = −4, −3, −2 that were found by A. Fialowski.
The proof of Proposition 6.3 consists of direct calculations. First of all by definiton of d :
d(e j ) = (j−1)e j+1 ⊗ e 1 + (j−2)e j+2 ⊗ e 2 + (j−3)e j+3 ⊗ e 3 + ...
Now we go to the differential d 2 .
where dots stand instead of terms of higher filtration. As we know e 1 ∧Ω n = 1 n dΩ n+2 and we now can take new representative e j ⊗ Ω n + j−1 n e j+1 ⊗ Ω n such that:
d(e j ⊗Ω n+1 + j−1 n e j+1 ⊗Ω n+2 ) = e j+2 ⊗ j(j−1) n e 1 ∧Ω n+2 + (j−2)e 2 ∧Ω n+1 + . . .
But dΩ n+3 = (n+1)e 1 ∧Ω n+2 + (n−1)e 2 ∧Ω n+1 and therefore e j+p ⊗ξ p ) = e j+5 ⊗ξ + . . .
for some ξ ∈ C 3 (V n , V n ). We recall the notation g 7 = e 2 ∧e 5 −3e 3 ∧e 4 . We have the following system of equations on ξ 1 , ξ 2 , ξ 3 , ξ 4 : (25)
Taking ξ 1 , ξ 2 , ξ 3 , ξ 4 as homogeneous 2-forms of weights 8, 9, 10, 11 one can remark that the right parts of these equations are exact forms because H 3 (p) (V n ) = 0, p ≤ 11. ξ 1 , ξ 2 , ξ 3 , ξ 4 are defined uniquely by the condition ξ p ∈ Λ 2 (e 2 , . . . , e n ), p = 1, 2, 3, 4. The answer is: 
where polinomials P i (j), Q j (j), Z l (j) are defined by
; In the same way one can remark that
As 3e 1 ∧e 4 is cohomologous to e 2 ∧e 3 it follows that
Now we choose the following basic cocycles
basic cocycles
ψ n,9 = e n−2 ⊗ (e 2 ∧e 5 − 3e 3 ∧e 4 ) + e n−1 ⊗ n−3
2 (e 2 ∧e 6 − 2e 3 ∧e 5 )+ + e n ⊗ (P 1 (n−2)e 2 ∧e 7 + P 2 (n−2)e 3 ∧e 6 + P 3 (n−2)e 4 ∧e 5 )
ψ n,10 = e n−3 ⊗ (e 2 ∧e 5 − 3e 3 ∧e 4 ) + e n−2 ⊗ n−4
2 (e 2 ∧e 6 − 2e 3 ∧e 5 )+ + e n−1 ⊗ (P 1 (n−3)e 2 ∧e 7 + P 2 (n−3)e 3 ∧e 6 + P 3 (n−3)e 4 ∧e 5 )+ + e n ⊗ (Q 1 (n−3)e 2 ∧e 8 + Q 2 (n−3)e 3 ∧e 7 + Q 3 (n−3)e 4 ∧e 6 )
2 (e 2 ∧e 6 − 2e 3 ∧e 5 )+ + e n−2 ⊗ (P 1 (n−4)e 2 ∧e 7 + P 2 (n−4)e 3 ∧e 6 + P 3 (n−4)e 4 ∧e 5 )+ + e n−1 ⊗ (Q 1 (n−4)e 2 ∧e 8 + Q 2 (n−4)e 3 ∧e 7 + Q 3 (n−4)e 4 ∧e 6 )+ e n ⊗(Z 1 (n−4)e 2 ∧e 9 +Z 2 (n−4)e 3 ∧e 8 +Z 3 (n−4)e 4 ∧e 7 +Z 4 (n−4)e 5 ∧e 6 )
7. Moduli space of Z >0 -filtered deformations.
In this section we classify up to an isomorphism the Lie algebras over K defined by the basis e 1 , . . . , e n , n ≥ 16 and commutating relations of the following form:
A Lie algebra g with the commutating relations (29) is a Z >0 -filtered deformation of the Z >0 -graded Lie algebra V n , i.e. g = (V n , [, ] + Ψ), where
satisfying to the system (17) of deformation equations:
Lemma 7.1. Let Ψ,Ψ be two Z >0 -filtered deformations of V n , n ≥ 5 and
is a Lie algebra isomorphism.
Proof. We will study the dual situation. The mapping
is an isomorphism of d-algebras.
For the dual basis e 1 , e 2 , . . . , e n of (V * n , d Ψ ) we have the following structure relations:
Let us write down some of them. The dual mapping ϕ * :g * → g * is the isomorphism of d-algebras, i.e. 
Going on and using an obvious inductive assumption we have for the operator ϕ * :
From the other hand it is evident that changing the canonical basis of an arbitrary Lie algebra g of the type (29) by an operator ϕ with property (34) we will get again the commutating relations of the same type.
Corollary 7.2. The matrix Lie group G n of lower-triangular matrixes ϕ of the following type
acts on the set V n of Z >0 -filtered deformations of V n as the group of changes of canonical basis: Proposition 7.4. The matrix Lie group G n is the semi-direct product K * ⋉ U T n where U T n denotes the group of unitriangular matrixes:
Remark (see also section 5). If Ψ = Ψ 1 + Ψ 2 + · · · + Ψ n−3 is a solution of the system (17) of deformation equations then Ψ = tΨ 1 + t 2 Ψ 2 + · · · + t n−3 Ψ n−3 , ∀t ∈ K also satisfies to the system (17) . It follows that the space V n can be retracted over itself to V n . From another hand one can define K * -action on V n :
Evidently this action coincides with the action on V n of the subgroup K * of diagonal matrixes in G n . 
Proposition 7.6. Let Ψ be a Z >0 -filtered deformation of V n , n ≥ 12. Then there exists an elementΨ in the U T n -orbit O Ψ of Ψ such that
For an arbitrary Z >0 -filtered deformation Ψ the first equation is dΨ 1 = 0. We recall now H and hence Ψ 1 = dϕ 1 for some ϕ 1 of C 1 (1) (V n , V n ). Acting by g = id + ϕ 1 ∈ U T n we getΨ = g ⋆ Ψ such thatΨ 1 = 0. Now the second equation of the system for this new elementΨ. will be dΨ 2 = [Ψ 1 ,Ψ 1 ] = 0. We act onΨ by g = id + ϕ 2 , wherẽ Ψ 2 = dϕ 2 and continue the procedure step by step. Now we suppose to be constructed an elementΨ such thatΨ 1 = · · · =Ψ n−12 = 0 satisfying dΨ n−11 = 0.
We recall that in the section 6 we found the basic cocycles ψ n,i , such that
. . , 11. HenceΨ n−11 = x 1 ψ n,11 + dϕ n−11 , x 1 ∈ K, and ϕ n−11 ∈ C 1 (n−11) (V n , V n )). Then acting onΨ by id + ϕ n−11 we get again a new element in the orbit O Ψ (we keep the same notationΨ for it ) with the propertyΨ n−11 = x 1 ψ n,11 .
Proposition 7.7. Let n ≥ 14 then all Nijenhuis-Richardson products of basic cocycles ψ n,i are trivial elements in
The proof follows from the two properties of ψ n,l : 1) Imψ n,l = Span(e n , . . . , e n−4 ); 2) ψ n,l (x, y) = 0 if x ∧ y / ∈ Λ 2 (e 2 , . . . , e 9 ). Hence ψ n,i (ψ n,j (x, y), z) = 0, ∀x, y, z if n−4 > 9.
Proposition 7.8. Let n ≥ 14. There is a one-to-one correspondance between the orbit space O(U T n , V n ) and the 5-dimensional vector space ⊕ i>0 H 2 (i) (V n , V n ). This proposition follows from the previous one. Namely in an arbitrary U T norbit O Ψ one can choose the unique representativeΨ such that Ψ = x 1 ψ n,11 + x 2 ψ n,10 + x 3 ψ n,9 + x 4 ψ n,8 + x 5 ψ n,7 , where x i ∈ K, i = 1, . . . , 5. We will callΨ the canonical element of the orbit O Ψ and the set {x 1 , . . . , x 5 } is called the homogeneous coordinates of the orbit
Theorem 7.9. Let n ≥ 16. There is a one-to-one correspondance between the moduli space M n = O(G n , V n ) of Z >0 -filtered deformations of V n and the orbit space Oρ n (K * , K 5 ) where the actionρ n of K * on K 5 is defined in coordinates x i :
We have to verify only the formula for
8. Affine variety of Z >0 -filtered deformations One can regard the set V n of Z >0 -filtered deformation of V n as a affine variety in the affine space ⊕ i>0 C 2 (i) (V n , V n ). Namely one can define a mapping (polynomial in the coordinates {c
(1) The variety V n has no singular points and
(2) The group U T n acts on V n with constant rank and we have for the dimension of an arbitrary orbit
One can identify the Lie algebra of U T n with ⊕ >0 C 1 (i) (V n , V n ). Let Ψ be some fixed element of V n , then decomposing ϕ = exp α = 1 + α + α 2 + . . . in the formula (35) and taking linear terms with respect to α one can get the following formula for the differential D of the U T n -action (x, y ∈ V n ): Analogously one can show that the differential DF Ψ coincides with the dif- 
Remark. Let us denote by
) to homogeneous components. Then the matrix of d Ψ for an arbitrary Ψ is a block-triangular for some natural number l:
And we have the following estimates
In order to compute these ranks one may assume that Ψ =Ψ, whereΨ ∈ K 5 is the canonical represantative of the orbit O Ψ .
(38) One can easily verify that operators adΨ(e 1 ), adΨ(e 2 ), . . . , adΨ(e n−1 ), e n ⊗e 2 , e n−1 ⊗e 2 + (n−2)e n ⊗e 3 , e n−2 ⊗e 2 + (n−3)e n ⊗e 3 + (n−2)(n−3) 2 e n ⊗e 3
give the basis of Ker dΨ :
From the other hand the cocycles {ψ n,i |i=7, . . ., 11} span the tangent space to K g, g) . The variety V n can be regarded as a subvariety of the affine variety N n of ndimensional nilpotent Lie algebras. There exists a GL n -action on N n by basis changes. Let us consider the set V ′ n = {y ∈ N n |∃Ψ ∈ V n , ∃g ∈ GL n , y = g ⋆ Ψ}.
Remark. In fact the Zariski closure of V ′ n in N n coincides with one of irreducible components of N n that were discussed by Yu.Khakimdjanov in [13] .
The GL n -action on V ′ n = {y ∈ N n |∃x ∈ V n , ∃g ∈ GL n , y = g ⋆ x} has singularities. Namely by the lemma 7.1 the stabilizer (GL n )Ψ of a pointΨ ∈ K 5 ⊂ V n coincides with the stabilizer (G n )Ψ and we have dim(GL n )Ψ = n+2, ifΨ = 0; n+3, ifΨ = 0.
Remark. IfΨ = 0 then one have to add the operator n i=1 ie i ⊗ e i to (39) in order to get a basis of the Lie algebra of the stabilizer (GL n )Ψ.
Moreover, even for non-zero pointsΨ there are some particularities. LetΨ be a generic point in K 5 , i.e. x i = 0, ∀i, then (GL n )Ψ = (G n )Ψ = (U T n )Ψ. But if K = C then for instance forψ = (1, 0, 0, 0, 0) we have (GL n )Ψ = (G n )Ψ = Z n−11 ⋉ (U T n )Ψ, where Z n−11 stands for the group of the roots of the unit:
Z n−11 = α ∈ C | α n−11 = 1 .
It is interesting here to remark some parallels between our discussions and the theory of non-singular deformations, that was introduced in [8] . with the cocycle α ′ 1 ∈ C 2 (g, g) being not cohomologous to 0. Otherwise the deformation is called singular.
We have already remarked that one can associate to an arbitrary Z >0 -deformation Ψ = Ψ 1 + Ψ 2 + Ψ 3 + . . . of V n the following one-parametric deformation: Acting by corresponding ϕ t = id + tϕ 1 + t 2 ϕ 2 + . . . we reduce our problem to a parameter change in Ψ t = t n−11 x 1 ψ n,11 + t n−10 x 2 ψ n,10 + · · · + t n−7 x 5 ψ n, 7 . If x 1 = 0 then a parameter change u(t) = t n−11 is possible iff x 2 = x 3 = x 4 = x 5 = 0 the other cases are treated in the same way.
Remark. If n ≥ 14 one can associate to an arbitrary deformation of the form Ψ = 
Symplectic structures and one-dimensional central extensions
First of all we are going to calculate H 2 (g) of an arbitrary Z >0 -deformation g = (V n , [, ] + Ψ). As we remarked in the section 4 the canonical basis e 1 , e 2 , . . . , e n of g = (V n , [, ] + Ψ) defines the filtration L of g:
g=Span(e 2 , . . . , e n ) ⊃ · · · ⊃ L n g=Span(e n ) ⊃ {0}, and L defines the filtrationL of the cochain complex (C * (g), d). For the simplicity one can assume that Ψ = x 1 ψ n,11 + · · · + x 5 ψ n,7 . Let us consider the corresponding toL spectral sequence E p,q r that converges to H * (g). We recall also that 2) A pair (g X , Ω X,x5 ) is symplecto-isomorphic to (g Y , Ω Y,y5 ) if and only if there exist an α ∈ K * such that y 1 = α n−11 x 1 , y 2 = α n−10 x 2 , y 3 = α n−9 x 3 , y 4 = α n−8 x 4 , y 5 = α n−7 x 5 .
Remark. The previous theorem shows that all Z >0 -deformationsg of V 2k+1 are contact Lie algebras and gives their complete classification. An arbitrary symplectic Z >0 -deformations g of V 2k can be obtained as quotient Lie algebrag/Z(g). This method of classification of symplecto-isomorphism classes of low-dimensional filiform Lie algebras was considered in [10] .
Taking rational coordinates (x 1 , x 2 , . . . , x 5 ) in the table above one will get a nilpotent Lie algebra g X with rational structure constants and hence due to the Malcev theorem ( [14] ) the corresponding simply connected nilpotent Lie group G has a cocompact lattice Γ. Thus one will get a family of examples of symplectic nilmanifolds M = G/Γ.
